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Many applications in Experimental Modal Analysis (EMA) require that the sensors’ masses
are known. This is because the added mass from sensors will affect the structural mode
shapes, and in particular its natural frequencies. EMA requires the measurement of the
exciting forces at given coordinates, which is often made using piezoelectric force
transducers. In such a case, the live mass of the force transducer, i.e. the mass as ‘seen’ by
the structure in perpendicular directions must be measured somehow, so that compen-
sation methods like mass cancelation can be performed. This however presents a problem
on how to obtain an accurate measurement for the live mass. If the system is perfectly
calibrated, then a reasonably accurate estimate can be made using a straightforward
method available in most classical textbooks based on Newton’s second law. However, this
is often not the case (for example when the transducer’s sensitivity changed over time,
when it is unknown or when the connection inﬂuences the transmission of the force). In a
self-calibrating iterative method, both the live mass and calibration factor are determined,
but this paper shows that the problem may be ill-conditioned, producing misleading
results if certain conditions are not met. Therefore, a more robust method is presented
and discussed in this paper, reducing the ill-conditioning problems and the need to know
the calibration factors beforehand. The three methods will be compared and discussed
through numerical and experimental examples, showing that classical EMA still is a ﬁeld
of research that deserves the attention from scientists and engineers.
& 2016 Published by Elsevier Ltd.1. Introduction
Piezoelectric force transducers operate with the principle that when a piezoelectric crystal is deformed by the action of a
force, a charge output (proportional to the rate of change of the force acting on the crystal) is produced. As with piezoelectric
accelerometers, force transducers can either be of the type ‘charge’ or IEPE (Integrated Electronics Piezo-Electric), depending
if they bring built-in pre-ampliﬁers or not. IEPE transducers have built-in pre-ampliﬁers and thus do not need a charge
ampliﬁer in the measurement chain, as charge transducers do.
One example where force transducers are used is in the measurement of the Frequency Response Function (FRF) of a
structure. The FRF contains information about the natural frequencies, modal damping factors and mode shapes of a
structure. For harmonic (sinusoidal) excitation, the FRF is the relationship between the response and the force. If anntalvão).
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HðωÞ ¼ aðωÞ
f ðωÞ ð1Þ
where aðωÞ is the amplitude of the acceleration response to the amplitude of input force f ðωÞ. Because this is a repre-
sentation of the FRF that makes use of the acceleration, it is called “accelerance”. For other types of excitation, auto-
correlation functions may have to be used [1].
When measuring FRF data, one is concerned with the ratio of motion to force and not the individual values of any of
these quantities [1]. Thus, it is possible to generate an excitation function, where force is transmitted to the structure using a
shaker (Fig. 1). These excitation functions can be “Random”, “Pseudo-Random”, “Sweep-Sine”, “Multi-Sine” or “Stepped-
Sine” [1,2]. The push-rod shown (often also referred to as the “stinger” or “drive rod”) is used to apply the excitation force
from the shaker to the structure. The objective is to transmit controlled excitation to the structure in a given direction and,
at the same time, to impose as little constraint on the structure as possible in all the other directions. The effects of the push-
rod on EMA have been previously discussed, for example in [1,3–6].
Force transducers have a sandwich construction: a piezoelectric crystal is placed between a base case and a top case.
Note that one side of the transducer may be lighter than the other. In a conventional force transducer setup and according
to, e.g., [1,5], the transducer is placed with the lighter side (called the “base side”) towards the structure and the heavy side
(called the “top side”) away from the structure (Fig. 2(a)). This is done to avoid as much mass modiﬁcation to the structure as
possible. The mass of the side that is attached to the structure is also called “live mass” [1,5]. This mass is ‘seen’ by the
structure in the sensing direction. However, at perpendicular directions, the structure will ‘see’ the total mass of the force
transducer. For example, these masses have been recorded as 3 g and 18 g on the different sides of a conventional forceFig. 1. Push-rod connection between a shaker and a force transducer [8].
Fig. 2. Schematic cross-sectional view of a piezoelectric force transducer: (a) conventional mounting and (b) ‘upsides-down’ mounting.
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examples of the same model.
Note that the force transducer can also be attached with the heavier side on the side of the structure (Fig. 2(b)). In this
case, the discrepancy between the live mass (18 g) and the mass ‘seen’ by the structure in perpendicular directions (21 g)
will be smaller.
The live mass of a force transducer is important to know in many applications. For example, when mass cancellation
procedures are put in place for accurate determination of the structural modal properties [1,3,7], the live mass of the force
transducer is sometimes required. It is also important in FEM (Finite Element Model) validation and updating, especially
when lightweight structures are concerned (e.g., composite structures) [8,9] or, for example, in methods that use a T-shaped
block to determine the rotational terms of the FRF [1,10]. Mass-loading effects of transducers have been extensively studied
before, for example in [1,3–7,11–17]. Because of these mass-loading effects, a rule of thumb is that the mass of the trans-
ducers should be at least less than 10% of the mass of the measured structure [18]. Other effects include stiffness and
damping changes, for example due to the use of different tips when exciting the structure with an impact hammer. In this
case, the different impact tips may also inﬂuence the measurement of the force (i.e., the sensitivity), as a consequence for
example of using a rubber tip instead of a steel tip [19]. Considerations on other effects rather than the mass-loading effect
at perpendicular directions (the live mass) will not be covered in this text.
The measurement of the live mass can be done by shaking a freely-suspended mass instrumented with a force trans-
ducer and a reference accelerometer with known mass [20,21]. This process is similar to a calibration procedure [1,19]
where a pair of sensors composed of an accelerometer and force transducer is used. Based on Newton's Second law, the
force experienced by the mass is simply the mass multiplied by the measured acceleration. Thus, it is possible to ﬁnd a
calibration correction factor based on the measurement of a known mass. Nevertheless, to do it properly requires the
knowledge of the live mass at the same time, which typically is taken as an assumption. If, on the other hand, one wants to
measure the live mass of the force transducer, then the system is assumed to be calibrated (i.e. the manufacturers’ quoted
sensitivities are considered to be accurate enough). This is not often the case as transducers’ sensitivities may change with
time and environmental conditions. Furthermore, in real circumstances where large structures are to be tested, long lead
cables may change signal quality due to resistance, capacitance variation or noise pick-up [1].
In this paper, three methods to determine the live mass of a piezoelectric force transducer are presented and discussed,
where two of the methods also allow determining the overall sensitivity of the measurement chain. The three methods are
compared and discussed through numerical and experimental examples, so that the advantages and limitations of the
methods can be thoroughly assessed.2. Theoretical development
2.1. General equation
The classical method to determine the live mass of a force transducer starts with Newton's second law, which can be
written as:
f ¼m  a ð2Þ
The amplitude of the FRF as given by Eq. (1) thus becomes:
HðωÞ ¼ aðωÞ
f ðωÞ ¼
1
m
ð3Þ
It is very important to note that Eq. (3) is only valid within a limited low-frequency range where the whole system
behaves as a pure rigid mass. Once the bodies start deforming elastically, it is no longer possible to relate the true value of
the mass with the FRF as in Eq. (3). This is also why the inverse of Eq. (3) is often referred to as “apparent mass” or
“inertance”. Generically speaking, the inverse of the FRF HðωÞ is called “mechanical impedance”1 and is represented by Z ωð Þ
[1]:
ZðωÞ ¼ f ðωÞ
aðωÞ ¼m
 ð4Þ
where m denotes the apparent mass of the system (which should be the same as the mass of the system when it behaves
rigidly, i.e. if the calibration factor is known). Eqs. (3) and (4) are correct only when the vibrating system is a single DOF
system vibrating only in one direction, which is an assumption that will be made in the methods later proposed.1 The designation mechanical impedance actually suggests a relationship force/velocity. However, it is widely accepted as a general designation for any
force/response relationship. In a similar way, mobility is accepted to be used to designate any form of the FRF 1.Maia, N.M.M. and J.M.M. e Silva, Theoretical
and experimental modal analysis. 1997: Research Studies Press Taunton.
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erometer is used and one force transducer is used, the apparent mass can be written as:
Z ¼m ¼mf þmk ð5Þ
where mf is the live mass of the force transducer and mk is the known mass of the system composed by the structure,
accelerometer, mounting studs, etc. (all of which can can be measured on a weight scale). It is important to note that the
total mass of the force transducer is not mf . The live mass is just a portion of the total mass, depending on the force
transducer’s design. Likewise, the total mass of the force transducer is not considered when measuring the known mass mk.
The correct measurement of the mechanical impedance depends on the calibration of the system. If the system is not
calibrated (e.g. because the sensitivity of the transducers changed over time or because the calibration chart was lost) the
obtained value for the mechanical impedance must be corrected by a correction factor, γ. In this case, and considering Eq.
(5), Eq. (4) can be written as:
γZ ¼mf þmk ð6Þ
where the dependency on frequency has been dropped for simplicity (if the structure is rigid, then the apparent mass is
constant over frequency).
Eq. (6) is the basis for the three methods discussed and presented in this paper.
2.2. Single-Mass Based Method
In the single-mass based method, the measurement of one known mass is enough to determine the live mass of the force
transducer. This method is based on the calibration method described in [1,19]. However, this method assumes that the
system is calibrated: otherwise it is not possible to determine the live mass of the force transducer from the mechanicalFig. 3. Flowchart of the self-calibrating method proposed in [21] to determine the live mass of a force transducer.
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γ ¼ 1 ð7Þ
Based on the assumption above (that the system is calibrated) and on Eq. (6), the live mass of the force transducer can
therefore be determined from:
mf ¼ Zmk ð8Þ
2.3. Dual-Mass Based Method
Calibration of transducers may be necessary, for example because the sensitivity changed over time [1], because of
sensitivity losses due to the stiffness at the attachment locations [12,19,22] or because of other reasons [6,15,17]. It might
even happen that the calibration chart is missing. In the method described in [1] the calibration factor may be determined
by rearranging Eq. (6) as follows:
γ ¼mf þmk
Z
ð9Þ
However, this method for determining the sensitivity of the pair composed by accelerometer and force transducer
assumes that the live mass of the force transducer is known beforehand. Either way, something must be assumed.
In an attempt to overcome the problem of having to know beforehand either the value of the live mass or the sensitivity
factor, an iterative algorithm was developed [21] and used by [20,23] to determine both the live mass and the sensitivity
factor from the measurements on two different masses, m1 and m2. The algorithm proposed by [21] can be described as a
ﬂow chart as in Fig. 3.
Because it is an iterative algorithm, it is not easy to implement. It is possible, however, to write equivalent expressions
based on the same principle.
In this method, it is assumed that the live mass of the force transducer remains unchanged regardless of the mass of the
total system. Similarly, it is assumed that the global sensitivity of the pair composed of the accelerometer and force
transducer do not change from one measurement to the other. If we consider two different systems with known masses m1
and m2, Eq. (6) can be re-written for each system as:
γ ¼mf þmk1
Z1
ð10Þ
γ ¼mf þmk2
Z2
ð11Þ
By combining Eqs. (10) and (11) together and solving for mf one obtains:
mf ¼
mk2
Z2
mk1
Z1
 
 1
Z1
 1
Z2
 1
ð12Þ
The sensitivity factor can be determined from either Eqs. (10) or (11) once mf is known.
2.4. Multiple-Mass Based Method
One problem with the dual-mass based method is that it is ill-conditioned, as will be shown later. If the system is
calibrated, if mk1cmf and if mk2cmf , then the ratios mk2=Z2 and mk1=Z1 in Eq. (12) will approach 1. Thus, in that case, the
difference in the numerator in Eq. (12) will be close to zero, or at least close to the order of magnitude of the error.
In an attempt to overcome the ill-conditioning problem from the dual-mass based method, a new method to determine
the live mass of a force transducer and ﬁnd the sensitivity factor is presented in this paper. This is also a general method that
can make use of any number of different masses, starting at 2.
As in the dual-mass based method, it is assumed that the exact values of the calibration factor and live mass of the force
transducer do not change between different tests, i.e., γi ¼ γj and mfi ¼mfj. If this would be the case, then:
Xn
i ¼ 1
Xn
j ¼ 1
γiγj
 2 ¼ 0 ð13Þ
Xn
i ¼ 1
Xn
j ¼ 1
mfimfj
 2 ¼ 0 ð14Þ
where
γi ¼
mf þmki
Zi
; γj ¼
mf þmkj
Zj
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and n is the number of different masses used in the system (nZ2).
However, it is known that the measurement of the live mass of the force transducer and the sensitivity factor may be
polluted with experimental error. This means that it is hardly likely that Eqs. (13) and (14) are true propositions, since in
reality γiaγj and mfiamfj, even if the differences are very small.
Thus, instead of solving for Eqs. (13) and (14), it is proposed that the problem is treated as a standard square minimum
like optimization problem, where a cost function must be minimized, i.e.:
d
dmf
Xn
i ¼ 1
Xn
j ¼ 1
γiγj
 2
0
@
1
A¼ 0 ð17Þ
d
dγ
Xn
i ¼ 1
Xn
j ¼ 1
mfimfj
 2
0
@
1
A¼ 0 ð18Þ
With these two Eqs. (17) and (18) it is possible to obtain one single value for the live mass of the force transducer and one
single value for the global sensitivity of the pair composed by accelerometer and force transducer from any number of
measurements with different known masses.
2.4.1. Multiple-Mass Based Method using two masses
If two masses are used, then Eqs. (15)–(18) become:
mf ¼
Z1mk2Z2mk1
Z2Z1
ð19Þ
γ ¼mk1mk2
Z1Z2
ð20Þ
which is equivalent to the dual-mass based method presented in Section 2.3. The advantage of writing Eq. (19) in the form of
Eq. (12) presented earlier is that it highlights the ill-conditioning nature of determining the live mass from a system
composed of two different masses only.
2.4.2. Multiple-Mass Based Method using three masses
If three masses are used, then Eqs. (17) and (18) become:
d
dmf
γ1γ2
 2þ γ1γ3 2þ γ2γ3 2
h i
¼ 0 ð21Þ
d
dγ
mf1mf2
 2þ mf1mf3 2þ mf2mf3 2
h i
¼ 0 ð22Þ
Using Eqs. (15) and (16), the solutions for the live mass and sensitivity factor are, respectively:
mf ¼
a2dþbð Þmk3þ a2eþcð Þmk2þ b2f þcð Þmk1
2 dþeþ f abcð Þ
a¼ Z12Z2Z3
b¼ Z1Z22Z3
c¼ Z1Z2Z32
d¼ Z12Z22
e¼ Z12Z32
f ¼ Z22Z32 ð23Þ
γ ¼ Z1Z2þ2Z3ð Þmk3þ Z1þ2Z2Z3ð Þmk2þ 2Z1Z2Z3ð Þmk1
2 Z1
2þZ22þZ32Z1Z2Z1Z3Z2Z3
  ð24Þ
When using three masses the method will be referred to as the triple-mass based method.
2.4.3. Multiple-mass based method with more than three masses
To extend the number of known masses to n43, the algebraic solutions of Eqs. (17) and (18) can become a challenge to
determine. In this case, it is recommended that graphical or computational methods are used to ﬁnd the minimum of the
functions deﬁned in Eqs. (13) and (14). These scenarios, however, will not be considered in this paper, although it is
speculated that for an increased number of different masses, the accuracy in determining the live mass of the force
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Numerical simulations were created in order to assess the three methods discussed in this paper. Different values for the
added known masses have been considered, ranging from 10 g to 500 g. The live mass of the force transducer is 10 g. The
experimental error was simulated by changing the sensitivity factors up to 5%. A total of 20 simulations, labelled A to T, are
shown in Table 1. Results for the different three methods discussed in this paper are shown in Tables 2–4.
Case A is the ideal one where the system is perfectly calibrated, i.e., for the three different masses considered, the
sensitivity of the measurement system is γ1 ¼ γ2 ¼ γ3 ¼ 1. As expected, under these circumstances, all the three methodsTable 1
Simulated data.
Case Simulated Sensitivity Simulated Known Massn Simulated Apparent Massnn
γ1 γ2 γ3 mk1ðgÞ mk2ðgÞ mk3ðgÞ Z1ðgÞ Z2ðgÞ Z3ðgÞ
A 1 1 1 10 100 500 20.0 110.0 510.0
B 1.05 1.05 1.05 10 100 500 19.0 104.8 485.7
C 1.05 1 1 10 100 500 19.0 110.0 510.0
D 1 1.05 1 10 100 500 20.0 104.8 510.0
E 1 1 1.05 10 100 500 20.0 110.0 485.7
F 1 1.05 1.05 10 100 500 20.0 104.8 485.7
G 1.05 1 1.05 10 100 500 19.0 110.0 485.7
H 1.05 1.05 1 10 100 500 19.0 104.8 510.0
I 1 1.025 1.05 10 100 500 20.0 107.3 485.7
J 1 1.05 1.025 10 100 500 20.0 104.8 497.6
K 1.025 1 1.05 10 100 500 19.5 110.0 485.7
L 1.025 1.05 1 10 100 500 19.5 104.8 510.0
M 1.05 1 1.025 10 100 500 19.0 110.0 497.6
N 1.05 1.025 1 10 100 500 19.0 107.3 510.0
O 1 1.025 1.05 250 100 500 260.0 107.3 485.7
P 1 1.05 1.025 250 100 500 260.0 104.8 497.6
Q 1.025 1 1.05 250 100 500 253.7 110.0 485.7
R 1.025 1.05 1 250 100 500 253.7 104.8 510.0
S 1.05 1 1.025 250 100 500 247.6 110.0 497.6
T 1.05 1.025 1 250 100 500 247.6 107.3 510.0
n The “simulated known mass” is an arbitrary number representing mk in Eq. (9). Hence, it does not include the live mass of the force transducer mf .
nn The “simulated apparent mass” is determined from Zi ¼ mf þmkiγi , taking into account the simulated values for the sensitivity and apparent mass. In all
cases it was arbitrarily chosen a value of 10 g for the live mass. For example, in case E where it is arbitrarily chosen for the simulation that γ3 ¼ 1:05 and
m3 ¼ 500 g one obtains Zi ¼ 10þ5001:05 ¼ 487:5 g.
Table 2
Results using simulated data (Single-Mass Based Method).
Single-Mass Based Method
Case mf1ðgÞ e1ð%Þ mf2ðgÞ e2ð%Þ mf3ðgÞ e3ð%Þ
A 10.0 0.0 10.0 0.0 10.0 0.0
B 9.0 9.5 4.8 52.4 14.3 242.9
C 9.0 9.5 10.0 0.0 10.0 0.0
D 10.0 0.0 4.8 52.4 10.0 0.0
E 10.0 0.0 10.0 0.0 14.3 242.9
F 10.0 0.0 4.8 52.4 14.3 242.9
G 9.0 9.5 10.0 0.0 14.3 242.9
H 9.0 9.5 4.8 52.4 10.0 0.0
I 10.0 0.0 7.3 26.8 14.3 242.9
J 10.0 0.0 4.8 52.4 2.4 124.4
K 9.5 4.9 10.0 0.0 14.3 242.9
L 9.5 4.9 4.8 52.4 10.0 0.0
M 9.0 9.5 10.0 0.0 2.4 124.4
N 9.0 9.5 7.3 26.8 10.0 0.0
O 10.0 0.0 7.3 26.8 14.3 242.9
P 10.0 0.0 4.8 52.4 2.4 124.4
Q 3.7 63.4 10.0 0.0 14.3 242.9
R 3.7 63.4 4.8 52.4 10.0 0.0
S 2.4 123.8 10.0 0.0 2.4 124.4
T 2.4 123.8 7.3 26.8 10.0 0.0
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Table 3
Results using simulated data (Dual-Mass Based Method).
Dual-Mass Based Method
Case mf1;2ðgÞ eð%Þ mf1;3ðgÞ eð%Þ mf2;3ðgÞ eð%Þ γ1;2 γ1;3 γ2;3
A 10.0 0.0 10.0 0.0 10.0 0.0 1.000 1.000 1.000
B 10.0 0.0 10.0 0.0 10.0 0.0 1.050 1.050 1.050
C 8.8 11.5 9.0 9.9 10.0 0.0 0.990 0.998 1.000
D 11.2 12.4 10.0 0.0 3.4 65.9 1.062 1.000 0.987
E 10.0 0.0 11.0 10.4 17.1 71.1 1.000 1.052 1.065
F 11.2 12.4 11.0 10.4 10.0 0.0 1.062 1.052 1.050
G 8.8 11.5 10.0 0.0 17.1 71.1 0.990 1.050 1.065
H 10.0 0.0 9.0 9.9 3.4 65.9 1.050 0.998 0.987
I 10.6 6.1 11.0 10.4 13.4 34.4 1.031 1.052 1.057
J 11.2 12.4 10.5 5.2 6.7 33.2 1.062 1.026 1.018
K 9.4 5.9 10.5 5.1 17.1 71.1 0.995 1.051 1.065
L 10.6 6.0 9.5 5.1 3.4 65.9 1.056 0.999 0.987
M 8.8 11.5 9.5 5.0 13.5 35.3 0.990 1.024 1.032
N 9.4 5.8 9.0 9.9 6.6 34.0 1.020 0.998 0.993
O 5.4 45.7 38.0 279.7 13.4 34.4 0.982 1.108 1.057
P 1.2 87.7 23.6 136.1 6.7 33.2 0.966 1.052 1.018
Q 14.9 48.6 23.3 132.7 17.1 71.1 1.044 1.077 1.065
R 5.5 44.6 2.6 126.2 3.4 65.9 1.007 0.975 0.987
S 19.9 99.0 2.3 123.2 13.5 35.3 1.090 1.000 1.032
T 14.7 47.4 14.1 240.7 6.6 34.0 1.069 0.953 0.993
Table 4
Results using simulated data (Triple-Mass Based Method).
Triple-Mass Based Method
Case mf1;2;3ðgÞ eð%Þ γ1;2;3
A 10.0 0.0 1.000
B 10.0 0.0 1.050
C 9.0 10.5 0.999
D 10.4 4.1 0.996
E 10.7 6.8 1.056
F 11.1 11.1 1.051
G 9.6 4.1 1.054
H 9.3 6.5 0.995
I 10.9 9.0 1.054
J 10.8 7.6 1.024
K 10.1 1.2 1.055
L 9.9 1.3 0.995
M 9.3 7.3 1.026
N 9.2 8.5 0.997
O 11.6 15.6 1.061
P 5.4 46.1 1.021
Q 16.6 66.3 1.066
R 3.9 61.3 0.986
S 14.7 47.5 1.028
T 8.2 18.1 0.988
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mf ¼ 10 g.
Case B still is an ideal case where, although the system is not perfectly calibrated, the sensitivity of the measurement
chain does not change from one measurement to the next. Choosing an equal offset of 5% in the calibration factors, the
sensitivities become γ1 ¼ γ2 ¼ γ3 ¼ 1:05. Case B shows that when the system is not perfectly calibrated the error on the
measurement of the live mass of a force transducer can be quite considerable when using a single-mass based method
(single-mass based method, Table 2). Also, the higher the known added mass, the higher the error for the same calibration
factor. Thus, when following the single-mass based method to measure the live mass of a force transducer, it is desirable
that the added mass is as low as possible in order to reduce error propagation when the sensitivity factor is not exactly one.
However, if the calibration factor is not known, it is not possible to determine the live mass of the force transducer using the
single-mass based method.
Cases C, D and E and F, G and H are cases where one sensitivity factor is different from the other two. The ﬁrst obser-
vation from these 6 cases is that the dual-mass based method can become ill-conditioned when the two added masses usedPlease cite this article as: D. Montalvão, et al., A generalised multiple-mass based method for the determination of the
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D. Montalvão et al. / Mechanical Systems and Signal Processing ∎ (∎∎∎∎) ∎∎∎–∎∎∎ 9are much larger than the live mass of the force transducer. This is because the ratios mk2=Z2 and mk1=Z1 in Eq. (12) will be
close to 1. Thus, in this case, the difference in the numerator in Eq. (12) will be close to zero, or at least close to the order of
magnitude of the error. The second observation is that, although ill-conditioning may occur, the dual-mass based method is
much more robust than the single-mass based method, as it is less sensitive to changes in the calibration factors. Thus, when
following the dual-mass based method to measure the live mass of a force transducer, it is desirable that one of the added
masses is as low as possible in order to avoid ill-conditioning problems.
Cases I to N are cases where all the sensitivity factors from one measurement to the other differ in approximately 2.5%.
The ill-conditioning problem still occurs in the dual-mass based method. However, the triple-mass based method seems to
be much more robust than the dual-mass based method, regardless of the masses’ values, as the maximum error veriﬁed
between the determined value for the live mass and its true value was 11%. The maximum errors for the single-mass based
method and dual-mass based method were 243% and 71%, respectively, for cases I to N. One interesting thing to note from
the triple-mass based method is that the global sensitivity factor seems to be governed by the heaviest measurement’s
sensitivity factor. The same trend applies to the dual-mass based method.
Finally, cases O to T use the same sensitivities as cases I to N, except that all the three added masses are much larger (at
least one order of magnitude) than the live mass of the force transducer. As expected, results deteriorate for both the dual-
mass and triple-mass based methods, which suggests that both these methods are more accurate when at least one
experiment is done with one of the added masses kept to a minimum value.4. Experimental tests
4.1. Equipment Settings and Setups
Three different test setups were performed in different conditions in order to assess the experimental robustness of the
three methods discussed (Fig. 4). In setup 1 the shaker and system are in the vertical position, with the shaker supported on
the ﬂoor. In setup 2 the shaker is suspended from a crane and placed in the horizontal position with the transducers and
added mass directly attached. In setup 3 the shaker and added mass are suspended in free-free simulated boundary con-
ditions and a push-rod is used between the shaker and the force transducer.
The whole sensor and acquisition setup is a classical one used in EMA. A National Instruments (NI) data acquisition (DAQ)
system was used. It consisted of a NI cDAQ-9174 USB-Chassis, a 24 bit NI 9234 Analog Input module and a NI 9263 Analog
Output module. The data generation and acquisition software was programmed using LabVIEW 2013 from NI.
The test setup is the one shown in Fig. 4 earlier. The same accelerometer was used in all experiments, a pre-ampliﬁed
miniature cubic PCB accelerometer type 333B30. The three force transducers tested were the following:
 PCB16 (PCB type 208C01, Serial no. LW34716) with a total mass of 23.5 g;
 PCB17 (PCB type 208C01, Serial no. LW34717) with a total mass of 23.5 g;
 BK (Brüel & Kjær type 8200) with a total mass of 21.7 g.
The ﬁrst two PCB force transducers (PCB16 and PCB17) are pre-ampliﬁed, which means that they can be connected to the
DAQ system directly. The Brüel & Kjær is a charge force transducer, so a charge ampliﬁer had to be placed between the DAQ
and the force transducer. The charge ampliﬁer is considered to be a part of the force transducer in this case, as a change in its
settings (sensitivity) will change the results.Fig. 4. Schematics of the three different test setups.
Please cite this article as: D. Montalvão, et al., A generalised multiple-mass based method for the determination of the
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Fig. 5. Examples of the three test setups 1, 2 and 3 with different added masses and results in the 100–500 Hz frequency range: sensors only (0), steel block
(St) and aluminium (Al) block. Example for the case when the PCB16 force transducer is used with its Base side on the structure’s side.
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the charge force transducer from Brüel & Kjær (BK), the charge ampliﬁer settings were deliberately left unchanged (with the
random values it presented at the time) in order to obtain a situation equivalent to one where the initial calibration factor is
unknown or inadequately set. This can happen in a situation where the calibration chart for a particular transducer is not
available or when its sensitivity changed over time.
A random excitation (white noise) and Hanning window were used with a frequency resolution of 0.5 Hz. The frequency
range of interest was set from 100 Hz to 500 Hz so that the system behaves as a rigid body, i.e., the maximum frequency in
the range is much lower than the ﬁrst vibration mode. Any other frequency ranges could have been chosen, as long as this
condition is met and there are enough data points in the sample. The shaker was a LDS V406 permanent magnet shaker
connected to a LDS PA100E power ampliﬁer.
4.2. Measurement of the apparent mass
To assess the robustness of the methods, three different added masses were considered: no added block (0), steel block
(St) and aluminium block (Al). The total values of the known added masses include the mass from the block (when
available), the total mass of the accelerometer, the masses of the mounting studs and an estimate of the mass of the
connector on the accelerometer side (an existing damaged cable in the lab was cut from the connector and its weight was
determined to be 1.5 g on a weight scale). Examples of the test setups with the corresponding results in the 100–500 Hz
frequency range are shown in Fig. 5.
Fig. 5 shows that the frequency spectrum of the apparent mass may be affected by noise that may come from many
different sources including a poor signal-to-noise ratio (but there may be many other sources). Although noise may have a
deteriorating effect in the results, as long as it is random noise and not systematic, it is proposed that one of the following
two ways are used in order to minimize its effect in determining the overall value of the apparent mass:
1. The overall value of the apparent mass is taken as the average of the data points in the frequency range of interest. The
standard deviation gives a measure of the dispersion of data;
2. The overall value of the apparent mass is taken as the intersection at the origin of a linear ﬁt to the data points. The slope
should be as close to zero as possible, because the data points follow a constant trend. This is the approach used in
this text.
4.3. Procedural guidelines
Whether the single-mass, dual-mass, triple-mass or any other multiple-mass based methods are chosen, the experi-
mental procedure consists of determining, independently, pairs of values ðmki; Zi) with i¼ 1…n for a number n of different
masses. To obtain a pair of values ðmki; Zi), the procedure is as follows:Please cite this article as: D. Montalvão, et al., A generalised multiple-mass based method for the determination of the
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Table 5
Experimental results – Setup 1 (vertical).
Force
Transducer
Side Weighted Mass Apparent Mass
System 0 System St System Al System 0 System St System Al
m1ðg) m2ðgÞ m3ðgÞ Z1ðgÞ Z2ðgÞ Z3ðgÞ
PCB16 Base 8 342.7 704.8 23.9 361.9 721.8
PCB16 Top 8 342.7 704.8 17.1 336.3 732.4
PCB17 Base 8 342.7 704.8 20.3 347.1 697.8
PCB17 Top 8 342.7 704.8 19.0 350.6 686.8
BK Base 9.3 344 706.1 21.6 510.1 1067.0
BK Top 8 342.7 704.8 55.5 561.0 1072.2
Table 6
Experimental results – Setup 2 (horizontal).
Force
Transducer
Side Weighted Mass Apparent Mass
System 0 System St System Al System 0 System St System Al
m1ðg) m2ðgÞ m3ðgÞ Z1ðgÞ Z2ðgÞ Z3ðgÞ
PCB16 Base 8 342.7 704.8 23.3 375.8 777.0
PCB16 Top 8 342.7 704.8 16.8 360.8 759.5
PCB17 Base 8 342.7 704.8 20.3 368.7 771.0
PCB17 Top 8 342.7 704.8 18.0 371.7 761.0
BK Base 9.3 344 706.1 20.3 582.9 1188.2
BK Top 8 342.7 704.8 45.3 596.8 1213.8
Table 7
Experimental results – Setup 3 (horizontal with push-rod).
Force
Transducer
Side Weighted Mass Apparent Mass
System 0 System St System Al System 0 System St System Al
m1ðg) m2ðgÞ m3ðgÞ Z1ðgÞ Z2ðgÞ Z3ðgÞ
PCB16 Base 8 342.7 704.8 23.3 340.3 712.2
PCB16 Top 8 342.7 704.8 17.0 347.9 722.0
PCB17 Base 8 342.7 704.8 20.3 345.7 713.5
PCB17 Top 8 342.7 704.8 18.0 345.9 719.9
BK Base 9.3 344 706.1 20.3 584.3 1196.7
BK Top 8 342.7 704.8 45.3 615.5 1242.7
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n¼ 1, in the dual-mass based method n¼ 2 and in the triple-mass based method n¼ 3.
2. Measure the value of the n different massesmki i¼ 1…nð Þ on a calibrated weight scale3. Eachmki value should also include
the mass of the accelerometer and any accessories required for the mounting.
3. It is suggested that the EMA setup is assembled in one of the forms presented in Section 4.1, but any other equivalent
setups may be followed. For example, if setup 2 (horizontal) is followed, the shaker must ﬁrst be suspended from the top.
Next, the force transducer is attached to the shaker’s armature, followed by the mass and the accelerometer (Fig. 4).
4. Using an appropriate excitation (e.g., random or multisine), determine the inverse of the accelerance (apparent mass or
inertance) Zi. This should be done only in the low frequency range where the system still behaves as a perfectly rigid body
(i.e., before the ﬁrst resonance).
5. If n¼ 1 (single-mass based method), the value of the live mass may be determined from Eq. (8), assuming that the system
is perfectly calibrated. Otherwise;
6. If nZ2, the system no longer needs to be calibrated. The live mass of the force transducer and sensitivity factor may be
determined from Eqs. (17) and (18) for the general case where any number of masses are used. In the particular case
where n¼ 2 (dual-mass based), the algebraic solution given by Eqs. (19) and (20) can be used, whereas for n¼ 3 (triple-
mass based), Eqs. (23) and (24) are proposed.2 The single-mass based method (n¼ 1) requires that the system is perfectly calibrated. It will also be shown that the method is very sensitive to the
boundary conditions and magnitude of the added mass.
3 As will be shown later, results for the live mass of the force transducer improve signiﬁcantly when one of the added masses is very small when
compared to the others. It is proposed that one of the systems is composed by the sensors alone (no added block).
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Tables 5–7.5. Experimental results
The live mass of the three force transducers was measured using the procedure discussed in the previous Sections 2 and
4. The three methods (single-mass, dual-mass and triple-mass based methods) were used on three different experimental
test setups 1, 2 and 3 where the live mass was measured on either side of the force transducer. Three different added masses
were used. When the method allowed it, the global sensitivity of the pair composed by accelerometer and force transducer
was also determined (dual-mass and triple-mass based methods).
Since the exact values of the live masses are unknown on either side of the force transducer, one way to assess the quality
of the experimental data is to compare the added value of the live masses on the base and top sides with the total mass of
the force transducer. The total masses of the force transducers were measured on a weight scale and were determined to be
23.5 g for both the PCB force transducers and 21.7 g for the Brüel & Kjær force transducer.5.1. Single-Mass Based Method
The values determined for the live mass on either side of the force transducers PCB16, PCB17 and BK in three different
setups following the single-based mass method are shown in Tables 8–10.5.2. Dual-Mass Based Method
The values determined for the live mass on either side of the force transducers PCB16, PCB17 and BK and the global
sensitivities in three different setups following the dual-based mass method are shown in Tables 11–13.5.3. Triple-Mass Based Method
The values determined for the live mass on either side of the force transducers PCB16, PCB17 and BK and the global
sensitivities in three different setups following triple-based mass method are shown in Tables 14–16.Table 8
Determining the live mass following the Single-Mass Based Method : Setup 1 (vertical).
Force Side 0 St Al BaseþTop eff mass % Error compared to total mass
Transducer mf1 ðgÞ mf2 ðgÞ mf3 ðgÞ mT1 ðgÞ mT2 ðgÞ mT3 ðgÞ e1 ð%Þ e2 ð%Þ e3 ð%Þ
PCB16 Base 15.9 19.2 17.0 24.9 12.8 44.5 6.1 46 89
PCB16 Top 9.1 6.4 27.6
PCB17 Base 12.3 4.4 7.0 23.2 12.3 24.9 1.1 48 206
PCB17 Top 11.0 7.9 18.0
BK Base 12.3 166.1 360.9 59.8 384.4 728.3 175 1672 3256
BK Top 47.5 218.3 367.4
Table 9
Determining the live mass following the Single-Mass Based Method: Setup 2 (horizontal).
Force Side 0 St Al BaseþTop eff mass % Error compared to total mass
Transducer mf1 ðgÞ mf2 ðgÞ mf3 ðgÞ mT1 ðgÞ mT2 ðgÞ mT3 ðgÞ e1 ð%Þ e2 ð%Þ e3 ð%Þ
PCB16 Base 15.3 2.4 7.4 24.3 2.8 24.6 3.4 88 5
PCB16 Top 9.0 5.2 17.2
PCB17 Base 12.3 3.0 8.7 22.3 6.2 23.7 4.9 74 1
PCB17 Top 10.0 3.2 15.1
BK Base 11.0 240.3 490.6 48.4 513.0 1028.5 123 2264 4640
BK Top 37.3 272.8 537.9
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Table 10
Determining the live mass following the Single-Mass Based Method: Setup 3 (horizontal with push-rod).
Force Side 0 St Al Base þ Top eff mass % error compared to total mass
Transducer mf1 ðgÞ mf2 ðgÞ mf3 ðgÞ mT1 ðgÞ mT2 ðgÞ mT3 ðgÞ e1 ð%Þ e2 ð%Þ e3 ð%Þ
PCB16 Base 15.3 33.1 72.2 24.1 51.2 126.9 2.6 118 440
PCB16 Top 8.8 18.1 54.7
PCB17 Base 12.3 26.0 66.2 22.3 55.0 122.4 4.9 134 421
PCB17 Top 10.0 29.0 56.2
BK Base 11.0 238.9 482.1 48.4 493.0 991.1 123 2172 4467
BK Top 37.3 254.1 509.0
Table 11
Determining the live mass and global sensitivity following the dual-mass based method: Setup 1 (vertical).
Force Side 0-St 0-Al St-Al Base þ Top eff mass % Error compared to total mass
Transducer mf1;2 ðgÞ γf1;2 mf1;3 ðgÞ γf1;3 mf2;3 ðgÞ γf1;3 mT1;2 ðgÞ mT1;3 ðgÞ mT2;3 ðgÞ e1;2 ð%Þ e1;3 ð%Þ e2;3 ð%Þ
PCB16 Base 15.6 0.990 15.8 0.998 21.5 1.006 25.5 24.4 -13.8 8.6 4.0 159
PCB16 Top 9.9 1.049 8.6 0.974 35.3 0.914
PCB17 Base 12.8 1.024 12.9 1.028 15.6 1.032 23.9 24.6 50.5 1.8 4.9 115
PCB17 Top 11.1 1.009 11.8 1.043 34.8 1.077
BK Base 5.5 0.685 5.1 0.667 12.3 0.650 34.2 35.1 42.4 58 62 95
BK Top 28.7 0.662 30.0 0.685 54.7 0.708
Table 12
Determining the live mass and global sensitivity following the dual-mass based method: Setup 2 (horizontal).
Force Side 0-St 0-Al St-Al Base þ Top eff mass % Error compared to total mass
Transducer mf1;2 ðgÞ γf1;2 mf1;3 ðgÞ γf1;3 mf2;3 ðgÞ γf1;3 mT1;2 ðgÞ mT1;3 ðgÞ mT2;3 ðgÞ e1;2 ð%Þ e1;3 ð%Þ e2;3 ð%Þ
PCB16 Base 16.6 1.056 15.5 1.011 11.4 0.974 25.8 24.4 17.3 9.8 3.7 173
PCB16 Top 9.2 1.011 8.8 0.988 5.9 0.968
PCB17 Base 12.9 1.028 12.4 1.005 2.3 0.985 23.3 22.3 10.1 0.9 5.0 143
PCB17 Top 10.4 1.021 9.9 0.993 7.9 0.968
BK Base 2.8 0.594 2.7 0.592 1.5 0.591 21.4 21.1 14.1 1 3 35
BK Top 18.6 0.587 18.4 0.582 12.6 0.577
Table 13
Determining the live mass and global sensitivity following the dual-mass based method: Setup 3 (horizontal with push-rod).
Force Side 0-St 0-Al St-Al Base þ Top eff mass % Error compared to total mass
Transducer mf1;2 ðgÞ γf1;2 mf1;3 ðgÞ γf1;3 mf2;3 ðgÞ γf1;3 mT1;2 ðgÞ mT1;3 ðgÞ mT2;3 ðgÞ e1;2 ð%Þ e1;3 ð%Þ e2;3 ð%Þ
PCB16 Base 14.1 0.949 13.5 0.924 3.5 0.903 22.5 21.3 18.6 4.3 9.3 179
PCB16 Top 8.4 0.973 7.8 0.938 15.1 0.908
PCB17 Base 11.5 0.961 10.8 0.928 10.8 0.900 20.6 19.8 7.8 12.5 15.9 133
PCB17 Top 9.1 0.946 8.9 0.938 3.1 0.930
BK Base 2.8 0.595 2.8 0.597 4.7 0.598 22.3 21.9 12.3 3 1 43
BK Top 19.5 0.607 19.0 0.596 7.5 0.587
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The experimental results shown in Tables 8–16 highlight the same ﬁndings from the numerical simulations (Tables 2–4),
which are:
1. The single-mass based method requires that the transducers’ calibration factors are known beforehand. This can be seen
from the results obtained with the BK force transducer where the sensitivity used was not the correct one, yielding
results for the total mass obtained from the sum of the masses on either side of the force transducer very different from
the one obtained on a weight scale.
2. The dual-mass based method is ill-conditioned when the added masses are much larger than the live mass of the force
transducer. This can be seen from the pair of results obtained using the Steel and Aluminium block.Please cite this article as: D. Montalvão, et al., A generalised multiple-mass based method for the determination of the
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Table 14
Determining the live mass and global sensitivity following the triple-mass based method: Setup 1 (vertical).
Force Side 0-St-Al Base þ Top eff mass % Error compared to total mass
Transducer mf1;2;3 ðgÞ γf1;2;3 mT1;2;3 ðgÞ e1;2;3 ð%Þ
PCB16 Base 15.7 0.998 25.0 6.2
PCB16 Top 9.2 0.972
PCB17 Base 12.8 1.028 24.3 3.4
PCB17 Top 11.5 1.043
BK Base 5.3 0.666 34.7 60
BK Top 29.5 0.685
Table 15
Determining the live mass and global sensitivity following the triple-mass based method: Setup 2 (horizontal).
Force Side 0-St-Al Base þ Top eff mass % Error compared to total
mass
Transducer mf1;2;3 ðgÞ γf1;2;3 mT1;2;3 ðgÞ e1;2;3 ð%Þ
PCB16 Base 16.0 1.010 25.0 6.5
PCB16 Top 9.0 0.988
PCB17 Base 12.6 1.005 22.8 3.1
PCB17 Top 10.1 0.992
BK Base 2.8 0.592 21.2 2
BK Top 18.5 0.582
Table 16
Determining the live mass and global sensitivity following the triple-mass based method: Setup (horizontal with push-rod).
Force Side 0-St-Al Base þ Top eff mass % Error compared to total
mass
Transducer mf1;2;3 ðgÞ γf1;2;3 mT1;2;3 ðgÞ e1;2;3 ð%Þ
PCB16 Base 13.8 0.924 21.9 7.0
PCB16 Top 8.1 0.937
PCB17 Base 11.2 0.928 20.1 14.3
PCB17 Top 9.0 0.938
BK Base 2.8 0.597 22.1 2
BK Top 19.3 0.596
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measurement techniques may provide sufﬁciently accurate estimates of the live mass of a force transducer if one of
the measurements is made using a very small added mass. The value for the global sensitivity depends more on the
heaviest added mass measurement, because the relative transducers’ added mass effect is smaller.
Besides these ﬁndings, the experimental results also allow drawing other important conclusions:
4. The BK values from setups 2 and 3 (horizontal setups where shaker is suspended) show evidence that the live mass of
the force transducer was estimated with accuracy. It has been earlier reported [1,5] that the base mass of a similar force
transducer is 3 g and the top mass is 18 g. For example, the results obtained in Table 16 for setup 2 show values of 2.8 g
and 18.5 g for the base and top mass of the BK force transducer respectively. In other works, the value for the top side
was determined to be 19.7 g [21] and the values for the base and top side were determined to be 17.1 g and 10.1 g
respectively [20] for the same force transducer’s model and using the dual-mass based method. It is important to note
that, in this work and contrary to [20,21], the cable’s connector on the side of the accelerometer was taken into account
in the weighed mass with a value of 1.5 g, otherwise the estimated values for the live masses would have been slightly
different.
5. Since the PCB16 and PCB17 setups used the correct calibration factors from the manufacturers, it would be expected that
the global sensitivities using these transducers would be close to one. On one hand, when comparing the triple-mass
based method between setups 2 and 3 (Tables 15 and 16), setup 2 (horizontal position with the masses and sensors
directly attached to the shaker) is the one where the global sensitivity factors for both PCB16 and PCB17 force
transducers are closer to one. However, setup 2 also presents the largest discrepancies between the base side mass of
force transducers PCB16 and PCB17, which were determined to be 16.0 g and 12.6 g respectively. Setup 3 (horizontal free-
free suspended conﬁguration with push-rod) presents more consistent estimates for these values, with 13.8 g and 11.2 g
respectively. On the top side, setup 2 produced 9.0 g and 10.1 g for the PCB16 and PCB17 force transducers respectively,Please cite this article as: D. Montalvão, et al., A generalised multiple-mass based method for the determination of the
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guaranteed that the global sensitivity factors have not in fact changed over time or been inﬂuenced by other factors, like
environmental conditions or the setup itself, which may be the reason why setup 3 may be presenting global sensitivity
factors slightly lower than one. On the other hand, this may well be because each force transducer is a unique sensor, in
what each one has its own sensitivity and frequency response curves. Thus, it is reasonable to assume that the live
masses may also differ from one transducer to the other, even within the same model.
6. The previous point is reinforced from the fact that the single-mass based method, that considers the system to be well
calibrated, produced consistent results between setups 2 and 3 for both force transducers PCB16 and PCB17.
7. The fact that the global sensitivities vary from one measurement to another is most likely related to experimental
uncertainty and noise rather than anything else. There also is the rest of the measurement chain, composed by cables,
connectors and the DAQ system itself, which may contribute to these differences as well. In certain circumstances cables
may have a strong inﬂuence in the results [8], even when pre-ampliﬁed transducers are used, because they also add
mass and stiffness to the system in an unpredictable way.
8. The test setup plays a decisive role in the outcome. Setup 1 (vertical position with shaker placed on the ﬂoor) produced
the largest errors when comparing the total mass obtained from the sum of the masses on either side of the force
transducer and the one obtained on a weight scale. First of all, setup 1 may introduce a reaction force at the base of the
shaker that cannot be estimated, due to the uncertainty in the boundary conditions. Furthermore, if the shaker is placed
on a soft foundation, for example a wooden table, this may introduce additional sources of vibration that could even be
in other directions rather than the longitudinal alone. However, even when the shaker is freely suspended at the hor-
izontal position as in setup 2, the direct attachment of the force transducer to the shaker’s armature can cause distortions
through secondary forces and/or moments in test results due to the exciter’s inertial rigidity. However, even when a
ﬂexible push-rod is employed as in setup 3, errors can occur due to the force transducer’s bending moment sensitivity
[6]. While this was in fact expected, both setups 2 and 3 seem to provide the most reliable estimates for the base and top
masses of the force transducers, since these setups reduce the inﬂuence of the boundary conditions on the experimental
results.
9. It is interesting to note that there might not be consensus about which side on the force transducer has the largest mass.
The BK force transducer does not show which one is the base or top side, whereas both the PCB16 and PCB17 have it
written on its casing. Thus, for the BK force transducer the base side was considered to be the one with the smallest
mass, following [1,5] where it is said that a force transducer is constructed to have a little mass on the base side of the
sensing element as little as possible. However, as it can be seen from the results, the PCB force transducers are
constructed in the exact opposite way, showing a smaller value on the top side and a larger one on the base side.
10. It can be seen that the live mass can be determined using either the dual-mass or the triple-mass based methods when
one measurement is made with a small mass, even if the global sensitivity is unknown, as depicted from the BK results
where the global sensitivity factors are determined to be 0.6 approximately.7. Conclusion
This paper deals with the measurement of the live mass of force transducers for applications in EMA, using a combi-
nation of different calibration masses. Also, three methods are presented and discussed, where a different number of
calibration masses are used.
The main conclusion is that the fact that at least two masses are used allows obtaining a reliable value for the live mass of
the force transducer and calibration factor for the whole measurement chain. This is true when at least when one of the
added calibration masses is very small in value. However, when such a situation is difﬁcult to implement, the use of more
calibration masses may lead to increased accuracy. A generalised method is presented in this paper, which allows, in theory,
for any amount of calibration masses to be used.
Numerical and experimental tests show that results are consistent and that there is good agreement with existing lit-
erature and technical aspects on the construction of force transducers. The test setups are fully described and only require
vibration equipment that is usually readily available for researchers and engineers working in the ﬁeld. Besides providing a
sustained estimate for the value of the live mass of the force transducer, tests are fast and simple to implement.Acknowledgments
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